Abstract. Let ∆ be a triangulated homology ball whose boundary complex is ∂∆. . We establish a generalization of this duality to all triangulations of connected orientable homology manifolds with boundary. We also provide an explicit algebraic interpretation of the h ′′ -numbers of Buchsbaum complexes and use it to prove the monotonicity of h ′′ -numbers for pairs of Buchsbaum complexes as well as the unimodality of h ′′ -vectors of barycentric subdivisions of Buchsbaum polyhedral complexes. We close with applications to the algebraic manifold g-conjecture.
Introduction
In this paper, we study an algebraic duality of Stanley-Reisner rings of triangulated homology manifolds with non-empty boundary. Our starting point is the following (unpublished) result of Hochster -see [25 In the last decade or so, this result had a lot of impact on the study of face numbers of simplicial complexes, especially in connection with the g-conjecture for spheres, see, for instance, the proof of Theorem 3.1 in a recent survey paper by Swartz [28] .
One numerical consequence of Hochster's result is the following symmetry of h-numbers of homology balls: h i (∆, ∂∆) = h d−i (∆). The h-numbers are certain linear combinations of the face numbers; they are usually arranged in a vector called the h-vector. In fact, Hochster's result implies a stronger statement: it implies that there is an isomorphism
F[∆, ∂∆]/ΘF[∆, ∂∆] ∼ = F[∆]/ΘF[∆]
∨ (−d), (1) where Θ is a linear system of parameters for F [∆] and N ∨ is the (graded) Matlis dual of N (see e.g. [16, Lemma 3.6] ). As the F-dimensions of the ith graded components of modules Murai' s research is partially supported by Grant-in-Aid for Scientific Research (C) 25400043. Novik's research is partially supported by NSF grant DMS-1361423. Yoshida's research is partially supported by Grant-in-Aid for Scientific Research (C) 25400050.
in (1) are equal to h i (∆, ∂∆) and h d−i (∆), respectively, the above-mentioned symmetry, h i (∆, ∂∆) = h d−i (∆), follows.
Hochster's result was generalized to homology manifolds with boundary by Gräbe [8] . To state Gräbe's result, we recall the definition of homology manifolds. We denote by S Gräbe [8] proved that if ∆ is an orientable homology manifold with boundary, then F[∆, ∂∆] is the canonical module of F [∆] . Gräbe also established a symmetry of hnumbers for such a ∆ (see [9] ). While Gräbe's original statement of symmetry is somewhat complicated, it was recently observed by the first two authors [15] that it takes the following simple form when expressed in the language of h ′′ -numbers. ′′ -numbers are certain modifications of h-numbers (see Section 3 for their definition). Similarly to the h-numbers, the h ′′ -numbers are usually arranged in a vector, called the h ′′ -vector. For homology manifolds, this vector appears to be a "correct" analog of the h-vector. Indeed, many properties of h-vectors of homology balls and spheres are now known to hold for the h ′′ -vectors of homology manifolds (with and without boundary), see recent survey articles [11, 28] . In light of Gräbe's result from [8] and Theorem 1.1, it is natural to ask if Theorem 1.1 can be explained by Matlis duality. The first goal of this paper is to provide such an explanation.
To this end, the key object is the submodule Σ(Θ; M) defined by Goto [7] . Several definitions are in order. Let S = F[x 1 , . . . , x n ] be a graded polynomial ring over a field F with deg x i = 1 for i = 1, 2, . . . , n. Let M be a finitely generated graded S-module of Krull dimension d and let Θ = θ 1 , . . . , θ d be a homogeneous system of parameters for M. The module Σ(Θ; M) is defined as follows:
This module was introduced by Goto in [7] and has been used in the study of Buchsbaum local rings. Note that if M is a Cohen-Macaulay module, then Σ(Θ; M) = ΘM. We first show that this submodule is closely related to the h ′′ -vectors. Specifically, we establish the following explicit algebraic interpretation of h ′′ -numbers. , respectively. We prove that this is indeed the case. In fact, we prove a more general algebraic result on canonical modules of Buchsbaum graded algebras. Let m = (x 1 , . . . , x n ) be the graded maximal ideal of S. If M is a finitely generated graded S-module of Krull dimension d, then the canonical module of M, ω M , is the module
where H i m (M) denotes the ith local cohomology module of M. We prove that the following isomorphism holds for all Buchsbaum graded algebras.
. . , θ d ∈ S be a homogeneous system of parameters for R, and let 
We also consider combinatorial and algebraic applications of Theorems 1.2 and 1.3. Specifically, we prove the monotonicity of h ′′ -vectors for pairs of Buchsbaum simplicial complexes, establish the unimodality of h ′′ -vectors of barycentric subdivisions of Buchsbaum polyhedral complexes, provide a combinatorial formula for the a-invariant of Buchsbaum Stanley-Reisner rings, and extend the result of Swartz [28, Theorem 3.1] as well as the result of Böhm and Papadakis [5, Corollary 4.5] related to the sphere g-conjecture to the generality of the manifold g-conjecture. More precisely, Swartz's result asserts that most of bistellar flips when applied to a homology sphere preserve the weak Lefschetz property while Böhm-Papadakis' result asserts that stellar subdivisions at large-dimensional faces of homology spheres preserve the weak Lefschetz property; we extend both of these results to bistellar flips and stellar subdivisions performed on connected orientable homology manifolds.
The structure of the paper is as follows. In Section 2 we prove Theorem 1.3 (although we defer part of a proof to the Appendix). In Section 3, we study Stanley-Reisner rings and modules of Buchsbaum simplicial complexes. There, after reviewing basics of simplicial complexes and Stanley-Reisner rings and modules, we verify Theorem 1.2 and derive several combinatorial consequences. Section 4 is devoted to applications of our results to the manifold g-conjecture. Finally, in the Appendix, we prove a graded version of Goto's result [7, Proposition 3 .6] -a result on which our proof of Theorem 1.3 is based.
Duality in Buchsbaum rings
In this section, we prove Theorem 1.3. We start by recalling some definitions and results pertaining to Buchsbaum rings and modules.
Let S = F[x 1 , . . . , x n ] be a graded polynomial ring with deg x i = 1 for i = 1, 2, . . . , n and let m = (x 1 , . . . , x n ) be the graded maximal ideal of S. Given a graded S-module N, we denote by N(a) the module N with grading shifted by a ∈ Z, that is, N(a) j = N a+j . If M is a finitely generated graded S-module of Krull dimension d, then a homogeneous system of parameters (or h.s.o.p.) for M is a sequence Θ = θ 1 , . . . , θ d ∈ m of homogeneous elements such that dim F M/ΘM < ∞. A sequence θ 1 , . . . , θ r ∈ m of homogeneous elements is said to be a weak M-sequence if
Let M be a finitely generated graded S-module and let Θ be its h.s.o.p. The function
is called the Hilbert-Samuel function of M w.r.t. the ideal (Θ). It is known that there is a polynomial in n of degree d, denoted by p Θ,M (n), such that P Θ,M (n) = p Θ,M (n) for n ≫ 0 (see [6, Proposition 4.6.2] 
We also recall some known results on canonical modules of Buchsbaum modules. For a finitely generated graded S-module M, the depth of M is defined by depth(M) := min{i :
is Buchsbaum, then the following properties hold: The following theorem is a graded version of Goto's result [7, Proposition 3.6] . The original result by Goto is a statement about Buchsbaum local rings. It may be possible to prove Theorem 2.3 in the same way as in [7] by replacing rings with modules and by carefully keeping track of grading. However, since we could not find any literature allowing us to easily check this statement, we will provide its proof in the Appendix. 
Assume further that M is Buchsbaum and that
We are now in a position to prove Theorem 1.3.
Proof of Theorem 1.3. We first prove that R/Σ(Θ; R) and ω R /Σ(Θ; ω R ) have the same
where we use Lemma 2.1 and Theorem 2.3(i) for the second equality. Similarly, since ω R is Buchsbaum, the same computation yields
Now, since depth(R) ≥ 2 by the assumptions of the theorem and since depth(ω R ) ≥ 2 always holds, see [3, Lemma 1], parts (ii) and (iv) of Lemma 2.2 guarantee that
Thus, to complete the proof of the statement, it suffices to show that there is a surjection from R/Σ(Θ; R)(+δ) to (ω R /Σ(Θ; ω R )) ∨ . By Theorem 2.3(ii), there is an injection
. Dualizing and using Lemma 2.2(iii), we obtain a surjection
Now (2) and (3) put together guarantee the existence of a surjection
Remark 2.4. The above proof also works in the local setting: it shows that if R is a Buchsbaum Noetherian local ring with depth R ≥ 2 (and if the canonical module of R exists), then ω R /Σ(Θ; ω R ) is isomorphic to the Matlis dual of R/Σ(Θ; R).
Duality in Stanley-Reisner rings of manifolds
In this section, we study Buchsbaum Stanley-Reisner rings and modules. Some objects in this section such as homology groups, Betti numbers, h ′ -and h ′′ -numbers depend on the characteristic of F; however, we fix a field F throughout this section, and omit F from our notation.
We start by reviewing basics of simplicial complexes and Stanley-Reisner rings. A simplicial complex ∆ on [n] is a collection of subsets of [n] that is closed under inclusion. A relative simplicial complex Ψ on [n] is a collection of subsets of [n] with the property that there are simplicial complexes ∆ ⊇ Γ such that Ψ = ∆ \ Γ. We identify such a pair of simplicial complexes (∆, Γ) with the relative simplicial complex ∆ \ Γ. Also, a simplicial complex ∆ will be identified with (∆, ∅). A face of (∆, Γ) is an element of ∆ \ Γ. The dimension of a face τ is its cardinality minus one, and the dimension of (∆, Γ) is the maximal dimension of its faces. A relative simplicial complex is said to be pure if all its maximal faces have the same dimension.
We denote by H i (∆, Γ) the ith reduced homology group of the pair (∆, Γ) computed with coefficients in F: when Γ = ∅, H * (∆, Γ) is the usual relative homology of a pair and when Γ = ∅, H * (∆, Γ) = H * (∆) is the reduced homology of ∆. The Betti numbers of (∆, Γ) are defined byβ i (∆, Γ) := dim F H i (∆, Γ). If ∆ is a simplicial complex on [n] and τ ∈ ∆ is a face of ∆, then the link of τ in ∆ is
For convenience, we also define lk ∆ (τ ) = ∅ if τ ∈ ∆.
Let ∆ be a simplicial complex on [n]. The Stanley-Reisner ideal of ∆ (in S) is the ideal
where x τ = i∈τ x i . If (∆, Γ) is a relative simplicial complex, then the Stanley-Reisner module of (∆, Γ) is the S-module Next, we discuss face numbers of Buchsbaum simplicial complexes. For a relative simplicial complex (∆, Γ) of dimension d − 1, let f i (∆, Γ) be the number of i-dimensional faces of (∆, Γ) and let
For convenience, we also define h j (∆, Γ) = 0 for j > dim(∆, Γ) + 1. 
In view of Schenzel's formula, we define the
Furthermore, we define the h ′′ -numbers of (∆, Γ) by
We are now ready to prove Theorem 1.2.
It was proved in [19, Theorem 3.4] Let R = S/I be a graded F-algebra. The a-invariant of R is the number
This number is an important invariant in commutative algebra. When R is CohenMacaulay, it is well-known that a(R) = max{i : 
In particular, for any connected Buchsbaum simplicial complex
As min{k : (ω R ) k = 0} = min{k : (ω R /Θω R ) k = 0}, the theorem would follow if we prove that min{k : (ω R /Θω R ) k = 0} = d − m. To this end, it is enough to show that 
and so
Finally, since depth(ω R ) ≥ 2, we infer from Theorem 2.3(i) and Lemma 2.2(ii) that
The above isomorphisms and (5) then yield the desired property (4).
Observe that by Hochster's formula on local cohomology [6, Theorem 5.
3.8], if ∆ is a (d − 1)-dimensional Buchsbaum simplicial complex, then −a(F[∆]
) equals the minimum cardinality of a face whose link has a non-vanishing top homology. Thus the "in particular" part of Theorem 3.5 can be equivalently restated as follows: if for every face τ ∈ ∆ of dimension < d−k, the link of τ has vanishing top homology, then h ′′ k (∆) = 0. For the case of homology manifolds with boundary, faces with vanishing top homology are precisely the boundary faces; in this case, the above statement reduces to [14, Theorem 3.1] .
A sequence h 0 , h 1 , . . . , h m of numbers is said to be unimodal if there is an index p such that h 0 ≤ h 1 ≤ · · · ≤ h p ≥ · · · ≥ h m . It was proved in [13] that the h ′′ -numbers of the barycentric subdivision of any connected Buchsbaum simplicial complex form a unimodal sequence. Here we use the Matlis duality established in Theorem 1.3 to generalize this result to Buchsbaum polyhedral complexes. (We refer our readers to [13] for the definition of barycentric subdivisions.) 
is injective for i ≤ 
are surjective for i ≥ In fact, in view of results from [10] , it is tempting to conjecture that if ∆ is a barycentric subdivision of a Buchsbaum regular CW-complex of dimension d − 1, then even the sequence h
We close this section with a couple of remarks.
Remark 3.7. Our results on h
′′ -vectors can be generalized to the following setting. Consider a finitely generated graded S-module M of Krull dimension d such that
Define the h ′ -and h ′′ -numbers of M in the same way as for the Stanley-Reisner modules but with dim F (H j m (M)) used as a replacement forβ j−1 (∆, Γ). Then suitably modified statements of Theorems 1.2 and 3.2 continue to hold for such an M. Furthermore, if M satisfies (7), then M must be Buchsbaum (see [26, Proposition I.3.10] ), in which case ω M also satisfies (7) by Lemma 2.2(ii). In particular, if ∆ is an arbitrary connected Buchsbaum simplicial complex of dimension d − 1, then Let us also point out that if ∆ is a connected orientable homology manifold with or without boundary, then for M = F[∆], the statement of part (ii) of Lemma 2.2 is a simple consequence of the Poincaré-Alexander-Lefschetz duality along with Gräbe's result [8] that
Applications to the manifold g-conjecture
In this section we discuss connected orientable homology manifolds without boundary. One of the most important open problems in algebraic combinatorics is the algebraic gconjecture; it asserts that every homology sphere has the weak Lefschetz property (the WLP, for short). Kalai proposed a far-reaching generalization of this conjecture [17, Conjecture 7 .5] to homology manifolds. Using the Σ(Θ, −) module allows to restate Kalai's conjecture as follows. 
is surjective.
It is worth mentioning that while Kalai's original statement of the conjecture did not involve Σ(Θ, −), the two statements are equivalent (see [18] and Remark 3.8 above). Somewhat informally, we say that ∆ (or F[∆]) has the WLP if ∆ satisfies the conclusions of the above conjecture. Enumerative consequences of this conjecture are discussed in [18, §1] . Given a finite set A, we denote by A the simplex on A, i.e., the simplicial complex whose set of faces consists of all subsets of A. When A = {a} consists of a single vertex, we write a to denote the vertex a, viewed as a 0-dimensional simplex. If ∆ and Γ are two simplicial complexes on disjoint vertex sets, then the join of ∆ and Γ, ∆ * Γ, is the simplicial complex defined by ∆ * Γ := {σ ∪ τ : σ ∈ ∆, τ ∈ Γ}.
Finally, if ∆ is a simplicial complex and W is a set, then ∆ W = {σ ∈ ∆ : σ ⊆ W } is the subcomplex of ∆ induced by W .
Let ∆ be a (d − 1)-dimensional homology manifold, and let A and B be disjoint subsets such that |A| + |B| = d + 1. If ∆ A∪B = A * ∂B, then the operation of removing A * ∂B from ∆ and replacing it with ∂A * B is called a (|B| − 1)-bistellar flip. (For instance, a 0-flip is simply a stellar subdivision at a facet.) The resulting complex is a homology manifold homeomorphic to the original complex.
The following surprising property was proved by Pachner: if ∆ 1 and ∆ 2 are two PL homeomorphic combinatorial manifolds without boundary, then they can be connected by a sequence of bistellar flips (see [20, 21] ). Since the boundary complex of a simplex has the WLP, Pachner's result suggests the following inductive approach to the algebraic g-conjecture for PL spheres: prove that bistellar flips applied to PL spheres preserve the WLP. In [28, §3] , Swartz showed that most of bistellar flips applied to homology spheres preserve the WLP. Here we extend Swartz's results to the generality of orientable homology manifolds without boundary: If ∆ is a simplicial complex and σ is a face of ∆, then the stellar subdivision of ∆ at σ consists of (i) removing σ and all faces containing it from ∆, (ii) introducing a new vertex a, and (iii) adding new faces in a * ∂σ * lk ∆ (σ) to ∆:
A classical result due to Alexander [2] asserts that two simplicial complexes are PL homeomorphic if and only if they are stellar equivalent, that is, one of them can be obtained from another by a sequence of stellar subdivisions and their inverses. Thus, a different approach to the algebraic g-conjecture (at least for PL manifolds) is to show that the WLP is preserved by stellar subdivisions and their inverses. Böhm and Papadakis [5, Corollary 4.5] proved that this is the case if one applies stellar subdivisions at faces of sufficiently large dimension (or their inverses) to homology spheres. We extend their result to the generality of orientable homology manifolds without boundary: 
Proof. The fact that D is a homology manifold with boundary follows by a standard Mayer-Vietoris argument (note that ∂D = ∂Γ is a homology (d−2)-sphere). Furthermore, by excision and since Γ has vanishing homology,
Now, using that the homology ball Γ is a full-dimensional subcomplex of ∆, we conclude as in the proof of Theorem 3.3 that there is a natural surjection
Thus, to finish the proof of the lemma, it suffices to show that the kernel of φ is As for assertion (ii), the dimension of the kernel of φ can be computed as follows: by (9) and by Theorem 1.2,
Now, since each face of ∆ is either a face of (D, ∂D) or a face of Γ (but not of both),
for all i ≥ −1, and so
Equations (8), (10) and (11) yield
∂D] j for all j ≥ 0, where the last equality is another application of Theorem 1.2. The assertion follows.
Another ingredient needed for both proofs is the following immediate consequence of the snake lemma. We are now ready to prove both of the theorems. 
). These isomorphisms together with the assumption p ∈ {
} yield that, for a generic choice of a linear form w, the multiplication map
is bijective for i ∈ {1, 2}.
Applying Lemma 4.4 to ∆ and Γ 1 , we conclude from Lemma 4.5 that F[∆]/Σ(Θ; F[∆]) has the WLP if and only if, for a generic linear form w, the multiplication
is surjective. On the other hand, by Lemma 4.4 applied to ∆ ′ and Γ 2 , the latter condition is equivalent to the WLP of
Proof of Theorem 4.3. Let D be the homology manifold obtained from ∆ by removing the interior faces of the homology ball Γ 1 = st ∆ (σ); equivalently, D is obtained from sd σ (∆) by removing the interior faces of the homology ball Γ 2 = a * ∂σ * lk ∆ (σ). As the proof of Theorem 4.2 shows, to verify Theorem 4.3, it suffices to check that, for a generic choice of linear forms Θ = θ 1 , . . . , θ d and another generic linear form w, the multiplication
is bijective for each i ∈ {1, 2}. In the case of i = 1, the desired bijection is an immediate consequence of the fact that (20) as F-vector spaces. In addition, using (18) and the commutativity of (17), we obtain that Ker(φ d+1 ) is the sum of the images of Remark. As the proof in this Appendix is based on the proof of [19, Theorem 2.2] , it is worth pointing out that there is a minor mistake in [19] . Indeed, the short "exact" sequence that appears three lines after the statement of Theorem 2.4 in [19] is not necessarily exact. However, this mistake can be easily corrected by replacing this sequence with the short exact sequence of equation (13) .
